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GAPS IN THE SPECTRUM OF A PERIODIC QUANTUM GRAPH WITH 
PERIODICAUUY DISTRIBUTED 5'-TYPE INTERACTIONS 

DIANA BARSEGHYANI'2 AND ANDRII KHRABUSTOVSKYI^ 


Abstract. We consider a family of quantum graphs {{T,^e)}e >07 where F is a Z"-periodic 
metric graph and the periodic Hamiltonian is defined by the operation -s on the 
edges of F and either (i'-type conditions or the Kirchhoff conditions at its vertices. Here e > 0 
is a small parameter. We show that the spectrum of has at least m gaps as e ^ 0 (m e N 
is a predefined number), moreover the location of these gaps can be nicely controlled via a 
suitable choice of the geometry of F and of coupling constants involved in d'-type conditions. 

Keywords and phrases: periodic quantum graphs, 5'-type interactions, spectral gaps 


1. Introduction 

The name “quantum graph” is usually used for a pair (T, Jl), where T is a network-shaped 
structure of vertiees eonneeted by edges (“metrie graph”) and is a seeond order self-adjoint 
differential operator (“Hamiltonian”), whieh is determined by differential operations on the 
edges and eertain interfaee conditions at the vertiees. Quantum graphs arise naturally in 
mathematies, physics, chemistry and engineering as models of wave propagation in quasi- 
one-dimensional systems looking like a narrow neighbourhood of a graph. One ean mention, 
in particular, quantum wires, photonie erystals, dynamieal systems, seattering theory and 
many other applieations. We refer to the reeent monograph Q eontaining a broad overview 
and eomprehensive bibliography on this topic. 

In many applications (for instance, to graphen and earbon nano-struetures - of. 0[I!)) 
periodie infinite graphs are studied. The metric graph T is called periodic {IT-periodic) if 
there is a group G - Z" acting isometrically, properly disoontinuously and co-compaetly on 
T (cf. [[^ Definition 4.1.1.]). Roughly speaking T is glued from oountably many copies of a 
certain compaot graph Y (“period oell”) and eaoh g eG maps Y to one of these copies. 

In what follows in order to simplify the presentation (but without any loss of generality) 
we will assume that T is embedded into with d = 3 as n = 1,2 and d = n as n > 3 and is 
invariant under translations through linearly independent vectors ^i,..., i.e. 

T = r Cj, j = (1) 

These vectors produce an aetion of Z” on T. Sueh an embedding can be always realized. 

An example of Z^-periodie graph is presented on Figure [T| its period oell is highlighted in 
bold lines. 

' Department of Mathematics, University of Ostrava, 70103 Ostrava, Czech Republic 
^ Nuclear Physics Institute ASCR, 25068 Rez near Prague, Czech Republic 
^ Institute of Analysis, Karlsruhe Institute of Technology, 76133 Karlsruhe, Germany 
E-mail addresses: diana.barseghyan®osu.cz, andrii.khrabustovskyi@kit.edu. 



2 


DIANA BARSEGHYAN AND ANDRII KHRABUSTOVSKYI 



The Hamiltonian on a periodic metric graph T is said to be periodic if it commutes 
with the action of Z” on T. It is well-known (see, e.g., |j^ Chapter 4]) that the spectrum of 
such operators has a band structure, i.e. it is a locally finite union of compact intervals called 
bands. In general the neighbouring bands may overlap. The bounded open interval (a,jS) c R 
is called a gap if it has an empty intersection with the spectrum, but its ends belong to it. 
In general the presence of gaps in the spectrum is not guaranteed - for example if T is a 
rectangular lattice and J{. is defined by the operation -d^/dx^ on its edges and the Kirchhoff 
conditions at the vertices then the spectrum cr(j?I) of the operator J{. has no gaps, namely 
cr(j?I) = [0, oo). Existence of spectral gaps is important because of various applications, for 
example in physics of photonic crystals. 

There are several ways how to create quantum waveguides with spectral gaps. One of them 
is to use decorating graphs. Namely, given a fixed graph Tq we “decorate” it attaching to each 
vertex of Tq a copy of certain fixed graph Ti, the obtained graph we denote by T. Spectral 
properties of such graphs were studied in pT] |, where operators defined on functions on ver¬ 
tices were considered (“discrete graphs”). The case of quantum graphs was studied in 
and it was proved that gaps open up in the spectrum of the operator defined by the operation 
-d^/dx^ on the edges of T and the Kirchhoff conditions at the vertices (other conditions are 
also allowed); these gaps are located around eigenvalues of a certain Hamiltonian on Ti. 

Also one can use “spider decoration” procedure: in each vertex we disconnect the edges 
emerging from it and then connect their loose endpoints by a certain additional graph (“spi¬ 
der”). Such decorating procedure was probably used for the first time in [Hl^, more results 


on gap opening one can find in p9| . 

Another way to create gaps, instead of to perturb a graph geometry, is to substitute the 
Kirchhoff conditions at the vertices by more “advanced” ones. For example, let T be a rect¬ 
angular lattice and be defined by the operation -d^/dx^ on its edges and 6 conditions at the 
vertices, i.e. the functions from dom(J?l) are continuous at all vertices and the sum of their 
derivatives is proportional to the value of a function at the vertex with a coupling constant 
a; 6 R (the case a = 0 corresponds to the Kirchhoff conditions). Then (cf. [1^0) the spectrum 
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cr(j?l) has infinitely many gaps provided a 0 and the lattice-spacing ratio satisfies some 
additional mild assumptions. 

The goal of the current paper is to study spectral properties of some specific class of pe¬ 
riodic quantum graphs. The main peculiarity of these graphs is that their spectral gaps can 
be nicely controlled via a suitable choice of the graph geometry and of coupling constants 
involved in interface conditions at its vertices. 



Figure 2. The example of the graph T. Here m = 2. 


In particular, for a given m 6 N we construct a family {(T, JIs)}e>o of periodic quantum 
graphs having at least m gaps as s is small enough and moreover the first m gaps converge to 
predefined intervals as e ^ 0. The graph T is constructed as follows. We take an arbitrary 
Z"-periodic graph Tq with vectors ei,..., producing an action of Z” on it and attach to Tq a 

n 

family of compact graphs / = (I’l,..., 4) 6 Z”, y = 1,..., m satisfying Tq; + Z h^k = Z/- 

k=\ 

We denote by T the obtained graph (an example is presented on Figure and consider on it 
the Hamiltonian defined by the operation 


-e 


-1 




on its edges and the Kirchholf conditions in all its vertices except the points of attachment of 
Yij to Fo - in these points we pose d'-type conditions (in the case of vertex with two outgoing 
edges they coincide with the usual 6' conditions at a point on the line - cf. 0 Sec. 1.4]). 
The required structure for the spectrum of JIe is achieved via a suitable choice of coupling 
constants involved in <5'-type conditions and of’’sizes” of attached graphs. 


2. Setting of the problem and main result 

2.1. Graph F. Let 

F = (^,fi,r,/) 

be a connected Z”-periodic metric graph. Here 

- by “y we denote the set of its vertices, 

- by £ we denote the set of its edges, 

- the map y : £ —> 'V x 'V assigns to each edge e its initial and terminal points (we 
denote them y~(e) and y'^(e), correspondingly), 

- the function Z: fi ^ (0, oo) assigns to the edge e its length 1(e). 
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We suppose that the degree of eaeh vertex (i.e., the number of edges emanating from it) is 
finite. In order to simplify the presentation we assume that Y is embedded into R'^, where 
d = 3 as n = 1,2 and d = n as n >3. 

On eaeh edge e 6 fi we introduce the local coordinate Xe 6 [0, /(e)] in such a way that 
Xe = 0 corresponds to y~{e) and = 1(e) corresponds to y'^Ce). One can assume that T has no 
loops (i.e. there is no edge e with y'^(e) = y“(e)), otherwise one can break them into pieces 
by introducing a new intermediate vertex. For v 6 "V we denote 


&(v) = {the set of edges outgoing from v]. 


In a natural way the function I gives rise to a metric on F. In what follows by Z (or intZ), 
Z, dZ we denote, correspondingly, the interior, the closure, the boundary of a subset Z c F 
with respect to this metric. In particular, dY consists of the vertices of F of degree 1. 

The Z”-periodicity of F means that there are linearly independent vectors ei,..., satis¬ 
fying Q. By y we denote a period cell of F, that is a compact subset of F satisfying 


y n 



= 0 for an arbitrary / = (/j,..., /„) 6 Z” \ jO], 


r = U 

isZ" 



'V 

/ 


We notice that period cell is not uniquely defined. 

The period cell Y can be always chosen in such a way that dY does not contain any vertex 
V e 'V \ dY (see Figure [^. Under such a choice of the period cell the boundary dY of Y 
consists of two disjoint parts ^intT and ^extF, where 

• (^intT consists of vertices of F of degree 1 belonging to Y, 

• de^tY consists of vertices of Y of degree 1 lying in the interiors of certain edges of F. 

An example of Z^ -periodic graph is presented on Figure [I] Its period cell Y is presented in 
more details on Figure and one has 

= {Vi3,Vi4,Vi5,Vi6,}, d^xtY = (Vi, V 5 , Vg, Vn) . 

Additionally, we suppose that Y can be expressed as a union of m -i- 1 compact subsets, 

m 

Y=[jYj, me N, (2) 

j=o 


satisfying the following conditions: 

(i) Yj ^ 0, 

(ii) Yj are connected, 

(iii) int(yy n T^) = 0 provided j 4^ k, 

i.e. Yj and Yk may have only common vertices, not edges, (3) 

(iv) 5exty C ^To, 

(v) the sets 'T'/ := <9To n dYj, j = 1,..., m are nonempty, 

(vi) if j,k 4 0 and j 4k then either dY j n dYk = 0 or dYj n dYk c dY^. 
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Figure 3. Period cell of the graph from Figure 


Remark 2. 1. In fact, decomposition Q satisfying Q is always possible for an arbitrary graph 
F ^ R under a suitable choice of a period cell. Let us formulate this statement more accu¬ 
rately. At first we notice that for an arbitrary ^ 6 N condition ([T]) holds with := sej instead 
ofej, j = I,.. .,n (i.e., F is periodic with respect to the period cell := sY). It is easy to see 
that if F 5 ^ R then contains m edges ei,..., satisfying 


e, nSj = 0 as i 4^ j, Yq := 7^ \ [^ ej is a connected set, Fq ^ c SYq 

j=i 


provided 5 is large enough. We set F, 
conditions @ hold true. 


ej, j = l,...,m. Obviously, F^ 


m 


U Yj and 

,/=o 


It is easy to see that |J "Vj c F. One can assume that the set |J 'Vj belongs to 'V, otherwise 

;=i i=i 

if some of its points belongs to the interior of an edge then we can add it to 'V (as a vertex 
with two outgoing edges). Finally, for / = (I'l,..., /„) 6 Z”, y 6 {1,..., m} we set 


'^ij — 'V j + ik^k- 

k=l 


The points belonging to 'Vij will support our d'-type conditions. 

Also we will use the notation 

n 

Yij := Yj + ^ heu, i = (c,..., 4) 6 Z", y 6 {1,... ,m}. 

k=l 
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Let US come back to the example depicted on Figure There are several possibilities to 
decompose the period cell in a way described above. For example, one has 7 = To U Ti, 

Yq consists of the edges ^1,^2, ^4, ^5, ^65^8.^95^10, ^12, ^13, ^14,^16 (solid lines), 

Yi consists of the edges e3,eT,en,ei5,en,e\&,e\9,e2o (dash-dotted lines). 

The set 'T'l consists of the vertices V3, ve, vg, V12. 

One can also decompose T in a more “advanced” way, for example as a union of six sets: 

To consists of the edges ei,e25e45e55e65e8,e95ei05ei2,ei35ei4,ei65 
Yi consists of the edges e^, eig, eig, 620, 

72 consists of the edge e^, 

73 consists of the edge ej, 

Y4 consists of the edge eu, 

75 consists of the edge 615. 

Then% = {v3,V6, vg,vi2}, % = {V3}, % = {ve}, ^4 = {vg}. % = {vi2}. 


2 . 2 . Hamiltonian In what follows if w : F ^ C and e e S then by we denote the 

o 

restriction of u onto e. Via a local coordinate we identify Ug with a function on ( 0 , 1 (e)). 

We introduce several functional spaces on F. The space L2(F) consists of functions that are 
measurable and square integrable on each edge and such that 

/(e) 

ll“llL2(r) ^ ll“ellL2(0,/(e)) ~ ^ j l“e(.’Ce)l dXg < OO. 

^e£ q 

The space H^(r), k e N consists of functions on F belonging to the Sobolev space H^(e) 
on each edge e e £ and satisfying 


I- 


k 

'y j ii“eii^*(o,/(e)) -yy 

^e£ €e£ 1=0 


r 

d'ug(Xg) 

J 

dx( 


dxg < OO. 


Finally, the set 'K(F) consists of functions u e H^(Y) satisfying the following conditions at 
vertices of F: 

• ifv6 'y\|lj U 'Vij\ then u is continuous at v, i.e. the limiting value of u(x) when 

\/£Z" j=\ j 

X approaches v along e 6 fi(v) is independent of e. We denote this value by u(v); 

• if V 6 'Vij for some z = (q,..., z„) 6 Z”, y 6 { 1 ,..., zn} then 

- the limiting value of u(x) when x approaches v along e e £(v)n 7 ,o is independent 
of e. We denote this value by zzo(v); 

- the limiting value of u(x) when x approaches v along e e £(v) n 7 ;y is independent 
of e. We denote this value by Uj(v). 
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Now, we describe the family of operators which will the main object of our interest in 
this paper. In L2(r) we introduce the sesquilinear form a^. 


dom(ae) = 'K(r), 


1(e) 


ai;[u, w] 


-1 'sn r dMg dvp, 

4 ^ J dxe dxe 


eeS 


dXe + ZEE qj (mo(v) - m/v)) (wo(v) - vp/v)), (4) 

isZ" 7=1 ve'Vij 


where qj are positive constants. The definition of as[u,w] makes sense: the second term in 
the right-hand-side of Q (we denote it d[u, w]) is finite, namely one has the estimate 

\a[u,w]\^ < 


following from the standard trace inequality 




Il2(0,/) + ^11“ IIl2(0,0 


), Vm 6 


Furthermore, it is straightforward to check that the form asiu, v] is symmetric, densely de¬ 
fined, closed and positive. Then (see, e.g., [ 20 , Theorem VIII. 15 ]) there exists the unique 
self-adjoint and positive operator associated with the form a^, i.e. 

(J?leM, v)L2(r) = ae[u,v], Vm 6 dom{Ms), Vv 6 dom(ae). 

The definitional domain of the operator consists of functions u 6 'H(r) belonging to 
H^(Y) and satisfying the following conditions at the vertices (additionally to the conditions 
needed to be in 'H(r)): 

m 

• ifv6^ \ U U {vij] then 


leZ" 7=1 


E 

ee&(v) 


dUe 

dx. 


= 0 


Xp=0 


where 


= 


Xe, 


(Kirchhoff conditions). 


if V = 7 (e), 
- 


\Xe = lie)-Xe, ifv = 7+(e) 


(i.e. Xg is a natural coordinate on e 6 £(v) such that Xg = 0 at v); 

• if V 6 'Vij, i 6 Z”, j e { 1 ,..., m} one has the following conditions at v: 

dwg 


- E 


dxg 


e££(v)ny,o 

, dUf, 

^ d\. 


x,=0 


Xp=0 


-P qjiuoiv) - Uj{v)) = 0 , 
-P qj(Uj{v) - Mo(v)) = 0. 


(d'-type conditions) 


( 5 ) 


e6£(v)nF,7 

The operator acts as follows: 


{2^sU)e = -S 


dx? 


, € 6 £>. 
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Remark 2 . 2 . Suppose that v 6 'V,/ (for some / 6 Z”, 7 6 { 1 ,... ,m}) has two outgoing edges, 
e 6 S(v) n Yij and e 6 S(v) n 7,0- Then, evidently, eonditions Q are equivalent to 


dUe 

-1- 

dUe 

= 0, 

dUe 
K - 

dXg 

Xf =0 

dxg 

Xf =0 

dx^ 




(reeall that e [0, /(e)] and e [0, /(e)] are the natural eoordinates on e and e, eorrespond- 
ingly, sueh that Xg = Xg = 0 at v). Thus we obtain the usual 6 ' eonditions at a point on the 
line See. 1 . 4 ] that explains why we use the term “d'-type eonditions” for @. Various 
analogues of 6 ' eonditions for graphs are diseussed in Q. 


Remark 2 . 3 . The name “d'-eonditions” is misleading beeause sueh Hamiltonians eannot be 
obtained using families of sealed zero-mean potentials (ef. p 2 |). However one ean approx¬ 
imate them by a triple of d potentials and then by regular d-like ones following an idea put 
forward in Q and then made mathematieally rigorous in Q . The problem of approximating 
all singular vertex eouplings (in partieular, d'-type ones) in a quantum graph is solved in Q. 


2 . 3 . The main result. Before to formulate the result let us introduee several notations. 
We denote 


• by /y, 7 = 0 ,..., m the total length of all edges belonging to 7 ,, 

• by Vy, 7 = 1,..., m we denote the number of points belonging to the set 'Vj. 
Then for j = 1 ,..., m we set: 


a,- : = 


^jklj 


Ij 


( 6 ) 


It is assumed that the numbers a, are pairwise non-equivalent. We renumber them in the 
aseending order, that is 


ay < ay+i, V7 = l,...,m- 1. 

Finally, we eonsider the following equation (with unknown d 6 C): 

a,/,- 


T{X) := 1 + y- - — = 0 . 

^ ^ Zj Un: - 


( 7 ) 


( 8 ) 


lo(ai - A) 

It is straightforward to show that if (| 7 ]) holds then equation @ has exaetly m roots, they 
are real and interlaee with ay. We denote them hy bj, j = 1, ... ,m supposing that they are 
renumbered in the aseending order, i.e. 

ay < bj < ay+i, 7 = 1,...,m - 1, a^ < b^ < 00 . (9) 

We are now in position to formulate the first main result of this work. 


Theorem 2.1. Let L > 0 be an arbitrary number. Then the spectrum of the operator in 
[ 0 , L] has the following structure for s small enough: 

m 

n [0, L] = [0, L] \ [j (ay(e), bj(s)), (10) 

;=i 


where the endpoints of the intervals {aj{s),b j{s)) satisfy the relations 

limade) = a,-, YimbAs) = bj, j = 1 ,... ,m. 

e-iO e-iO 


(11) 
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In the last section we will present our second result (Theorem | 4 . 1 | ): we will show that 
under a suitable choice of the graph T and the coupling constants qj the limit intervals {aj, bj) 
coincide with predefined ones. 

Theorem | 2 T] will be proven in the next section. We postpone the outline of the proof to the 
end of Subsection B.ll because we need to introduce first some more notations. 

3. Proof of Theorem 12. II 

3 . 1 . Preliminaries. The Floquet-Bloch theory establishes a relationship between the spec¬ 
trum of JIe and the spectra of appropriate operators on Y. Namely, let 

0 eT = {9 = (01,..., 0„) 6 C”, m = 1 for alU = 1 ,.. .,n}. 

We denote by the set of functions w : T ^ C satisfying 

• Ve G fi: Me 6 

• M is continuous at all vertices belonging to “y \ ( (J (J ’ViX 

\ieZ>' j=l j 
m 

• at the vertices belonging to (J (J 'Vij u satisfies the same conditions as functions 

ieZ" ;=1 

from 'K(r), 

• M is 0-periodic, that is 

Vx 6 T : u{x + Ck) = Oku(x), k = 1 ,..., m 

(if 0 = (1,1,..., 1) (respectively, 0 = -(1,1 ,...,!)) one has periodic (respectively, 
antiperiodic) conditions). 

Then we introduce the sesquilinear form defined as follows (below the notation £(T) stays 
for the set of edges of Y): 

dom(a£) = |m = v|y, v 6 'K^(r)|, 

He) _ ^ 

a%u, w] = V r ^ “ Wjiv)). 

eee(Y) J =1 ve'Vj 

We define as the operator acting in L2(T) being associated with the form af. Since Y is 
compact, Jll has a purely discrete spectrum. We denote by the sequence of eigen¬ 

values of Jll arranged in the ascending order and repeated according to their multiplicity. 
One has the following representation (see [|^ Chapter 4 ]): 

00 

c^(^.) = UU{^M- (12) 

k=l esT" 

Moreover, for any fixed 6 N the set 

Uis) := [j ( 4 (e)) ( 13 ) 

OeT" 

is a compact interval (fc-th spectral band). 

By 'K(T) we denote the set of functions u : Y ^ C satisfying 

• Ve 6 6 {Y): m, g H\e), 
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• M is continuous at all vertices of Y exeept those ones belonging to U 'Vj, 

,/=i 

m 

• at the vertiees from IJ 'Vj u satisfies the same eonditions as functions from "HiY). 

;=i 

Then we introduee the operator (respectively, as the operator aeting in L2{Y) and 
assoeiated with the sesquilinear form af (respeetively, af) defined as follows: 

dom(a£) = "HiY), a^{u,w] = 

(respeetively, dom(af) = {m 6 'K(T) : w = 0 on 5 extl^}, a^\u,w] = al\u,w]). 

The subseript N (respeetively, D) indieates that functions from dom(J?lg) (respectively, dom(J?lf)) 
satisfy the Neumann (respeetively, Diriehlet) boundary eonditions on d^xtY- 
The speetra of the operators and are purely diserete. We denote by 

(respectively, the sequenee of eigenvalues of (respectively, of ) arranged 

in the aseending order and repeated aeeording to their multiplieity. 

Using the min-max prineiple and the enelosures 

dom(af) D dom(ag) D dom(ag) 

we obtain that 


\lk 6 N, 6 


df(e) < 4(e) < d?(e). 


( 14 ) 


Finally, we present the result of B. Simon [23 Theorem 4 . 1 ], whieh will be widely used 
during the proof. In order to simplify its presentation we introduee an auxiliary definition. 


Definition 3.1. Let a be a symmetrie, elosed and positive sesquilinear form in a Hilbert spaee 
H with a domain dom(a), whieh is not neeessary dense in H. Let be a positive self-adjoint 
operator aeting in the subspaee dom(a) of H and assoeiated with the form a. Then the operator 
R defined by the formula 

{ {J{ + I)~^ on dom(a), 7 is the identity operator, 

— 

0 on 77 © dom(a) 

is said to be the generalized resolvent corresponding to the form a. 


Theorem 3.1 (B. Simon [| 23 |). Let {aE}e>o be a family of closed positive symmetric sesquilin¬ 
ear forms in a Hilbert space 77 , by { 7 ?e}e>o we denote the corresponding family of generalized 
resolvents. Suppose that a^ increases monotonically as s decreases, i.e. 

if Si > S2 then dom(a£j) D dom(ae2) and ag, [w, m] < aEfu,u\, 'iu 6 dom(ag2). 

Then the positive symmetric sesquilinear form oq defined by 


dom(ao) :=<«£[] dom(a£) : sup Osiu, w] < oo I, 

[ LJ j 


aQ[u,v] 


lim Oeiu, v] 

e —>0 


is closed, and moreover 


'^u e H : RgU Rqu as s ^ 0 , 


where Rq is the generalized resolvent corresponding to the form oq. 
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With these preliminaries we are able to give a short seheme of the proof of Theorem | 2 . 1 [ 
In view of ([T^-([T^ the left end (respeetively, the right end) of the k-ih. speetral band L^ie) is 
situated between the k-ih. Neumann eigenvalue /l^(e) and the k-ih. periodie eigenvalue /l^(e), 
9 = ( 1 ,..., 1 ) (respeetively, between the k-ih. antiperiodie eigenvalue /l^(e), 6 = -( 1 ,..., 1 ) 
and the k-\h Diriehlet eigenvalue Tf (e)). Our main task is to prove that they both eonverge to 
bk-i as k = 2 ,... ,m + \ and eonverge to infinity as k > m + 1 (respeetively, eonverge to at as 
k = I,... ,m and eonverge to infinity as k > m). These results taken together eonstitute the 
elaim of Theorem | 2 . 1 [ Our analysis will be based on Simon’s theorem formulated above. 

We notiee that the band ends need not in general eoineide with the eorresponding peri- 
odie/antiperiodie eigenvalues, even in ease n = I (ef. [[8 101 ). What matters is that we ean 
enelose them between two values whieh eonverge to the same limit as £ ^ 0. 

3 . 2 . Asymptotic behaviour of Neumann and periodic eigenvalues. In this subsection we 
study the behaviour as e ^ 0 of the eigenvalues of the operators and Jl %9 = {1,1,... ,\). 

Obviously, /l^(e) = 0 . For the subsequent eigenvalues we will prove the following lemma. 

Lemma 3.1. One has 

limTf(g) = bk-i, k = 2,... ,m + \, 

£—^0 

lim/l^(£) = oo, k > m + 2. 


Proof. The family of forms ja^j increases monotonically as e 
Theorem 


0 and we may apply 


3.1 


N 


Namely, let us introduce the limit form 


dom(ao) := < M 6' 7 T(y) : sup [w, w] < oo ^, aQ[u,v] = lima^[u,v]. 

£>0 I 


Evidently dom(aQ) consists of piecewise constant functions, which are continuous in Yj for 
each j = 0 ,...,m (this last one follows from and the definition of 'H{Y)). Thus 

dom(aQ) is an (m + l)-dimensional subspace of L2{Y) consisting of functions u of the form 

m 

u{x) = ^ vijXj{x), where Uj are constants, are the indicator functions of Yj ( 15 ) 

j=o 

and, clearly. 


..N 


[u, v]=J^ 9jNj (uo - Uy) (vo - Vy). 
y=i 


We denote by a self-adjoint operator acting in dom(aQ) = dom(aQ) and associated with 
the form a^. It is straightforward to check that it acts as follows: 


/ m 


JlnU = 


\k=\ 


^ qkNklo ^ (uo - W) Xo{x) + ^ qjNjlj ^ (uy - VLoixfx). ( 16 ) 


,/=i 


The operator can be regarded as a Hermitian operator in 

m 

product (a, y)cm+i = 2 We denote by 

j=o ' 


im+l 


equipped with the scalar 


0<Tf(0)<T™(0)<---<Tli(0) 


iN 


N 
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its eigenvalues arranged in the aseending order and repeated aeeording to their multiplieity. 
It is easy to see that 

df(0) = 0. (17) 


Later we will prove 

df(0) = h,_i, fc = 2 ,...,m + l. (18) 

We denote by : L 2 {Y) L 2 {Y) the generalized resolvent eorresponding to the form a^. 

Its spectrum is a union of eigenvalues 

//f(0) = (df(0)+l)-\ l,...,m+l (19) 

and the point /u = 0, which is an eigenvalue of infinity multiplicity. 

Now, applying Theorem [3TT] we conclude that 

Vm 6 L 2 {Y) : (J?lf + ly^u ^ as £ ^ 0. (20) 

Moreover, since the operators +I)~^ and are compact and +I)~^ > {^^2 ^ 

as Si > S 2 then by virtue of the result of T. Kato pTj Theorem VIII-3.5] ( |^D| ) can be improved 
to the norm convergence 

||(,?lf+ /)-^-<||^0ase^0. 


whence, using the classical perturbation theory, we obtain the convergence of spectra, namely 

lim(/lf(e) + 1)“' = //f(0) as = 1 ,... ,m + 1, lim(/lf(£) + 1)“^ = 0 as k > m + 2. (21) 

£-♦0 £—»0 


Taking into account ( fTO] ) we obtain from pT] ): 

A^{0) ask = 1 ,... ,m + 1, 


linid-(£) 

£—>0 


lim (s) = 00 as k > m + 2. 

E^O 


Thus, to complete the proof of Lemma [3T| it remains to prove ( [T8] ). 

In view of (fT^ /1^(0), A:=l,...,m+lare the eigenvalues of the (m+ l)x(m+ 1) matrix 


1 0 

-qiNil^ 

1 0 

1 

-a 

• • • 

-qiNil-^ 

qiNil-^ 

0 

0 

-^24^2^2^ 

0 

qiN2l2 ^ 

0 


0 

0 

• • • ^m^m^rn ) 


They are the roots of the characteristic equation 

det(A - AI) = 0. 


We denote by M(ii,i 2 , ■ ■ ■, 4) the minor of the matrix A staying on the intersection of li-th, 
4 -th,..., 4-th rows and the columns with the same numbers. One has the following formula 


(see,e.g.,[18 §2.13.2]): 


m+l 


det(A -AI) = J^ 


k=Q 


( 22 ) 
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where 


En — 1, Eh 


^ M(/i,i 2 ,..., 4 )asfc> 1. 


(23) 




It is elear that E,„+i = det(A) = 0 since the sum of all columns of A is zero. For 2 < k < m 
we represent Ej, as a sum of two terms: 

Ek = ^ M(4 + 1,4 + 1, • • • 5 4 + 1) + ^ M(l, 4 + 1, • • •, 4 + !)• (24) 


One has (below 1 < I'l < 4 < • • • < 4 ^ tn): 

0 

M(ii + 1,4 + Ij • • • ? 4 + 1) ~ det 


0 


0 

0 0 


0 

0 




<25) 


Q-=l 


and (below 1 < h < ■ ■ ■ < h ^ tn) 

/ m 


A/( 1,4 + 15 • • • 5 4 + 1) ~ dst 


2 

-qi.NiX^ qi.NiX^ 0 


-1 








0 

0 


0 


0 

0 




det 


Z qiNij-^ 

(T=2 

qh^iJo 

qh^iJa 

/' 

1 o 

1 

~^i2^hh2 


0 

0 

~qi2^i2 ^,3 

0 

qi^Ni^ 

0 

1 

■■ 

c? 

1 

0 

0 

•• 

1 


+ det 


0 


Z qjNjio^ 

~qh^hh2 qh^hh' 


•2\ 


-1 

<2 


0 

0 


qh^h ((3 


0 q^NiJi^ ... 


0 ) 

0 
0 


0 


0 


••• 


. (26) 


The first determinant in the right-hand-side of ( |26| ) is equal to zero since the sum all columns 
of the corresponding matrix is equal to zero. As a result we obtain: 


A/(l, 4 + 1, • • •, 4 + 1) - 




( k 


Y, n«A..t‘ 


\a=2 


(27) 
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Via a simple algebraic calculations it is not hard to get from ([27]) that 

ffk \( ^ 

^ M(1,,2+I,...,4 + 1) = /S' Yu E''. ■ 

\<i2<---<ik'^m l<ii<i2<—<ik^m\\a=l / \a=l // 

Combining ( |24| ), ( |25| ), ( |28| ) and taking into account the definition of aj one arrives at 

ffk w ^ 

1 </ i <^ 2 <'"< 4 ^^ ^ <^=1 '''' 

We have proved (|29j) for 2 < k < m. For k = 1 it holds as well: 


( 28 ) 


(29) 


® trA = . 

;=1 i=\ i=l 

Now let us study the function !F(/l) staying in the right-hand-side of equation (j^. One has 

/ m m / \ \ 


r(A) = 


1 


n(«;-d) V;=1 


Y\(aj - d) -H /q^ ^ aili ]~~[(ay - A) 


i=l V 


(30) 


;=i 


Grouping the terms with the same exponents of A one can easily obtain: 


r{A) 


m 


n(ay-d) k=o 

;=i 


// it 


(- 1 ) 


m~k 


E n 


a; 


VVQf=l / 


1 + 


'o‘Et 




Q'=l / 


(31) 


or, using ( 22 ), (291 and taking into account that E,n+i = 0 , we obtain: 


m ^ m 

T{A) = - -^d'"-'=(-l)'”-^£, =--^d“"'-'=(-l)“"'-'^£, 

n(ay - d) k=0 -A n(ay - d) k=0 


;=1 


i=i 


m+1 


1 1 


-det(A - d/), (32) 

-d n («;• - d) -d fi (a^. - A) 

,/=l ,7=1 

whence, taking into account (j^ and ( [T7| ), we easily obtain ( [T^ . The lemma is proved. □ 
The same asymptotics are valid for the eigenvalues of the operator as 0 = (1,1,..., 1). 


Lemma 3.2. One has 

\\mA%s) = bk-\, k = 2 ,...,m+l, 

E —>0 

limd?(e) = oo, k > m + 2 
£-*0 

provided 0 = ( 1 , 1 ,..., 1 ). 

Proof. It is easy to see that functions u of the form ( [T5] ) belong to dom(af) provided 6 = 
(1,1,..., 1), whence, evidently, the limit form coincides with the form a^. In the rest the 
proof repeats word-by-word the proof of Lemma [3T| □ 
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3.3. Asymptotic behaviour of Dirichlet and 6-periodic eigenvalues {6 {l,\,..., 1)). In 

this subsection we study the behaviour as e ^ 0 of the eigenvalues of the operators and 


Lemma 3.3. One has 


limdf(e) = Uk, k = I,... ,m. 


e —>0 


lim/lne) = oo, k> m + \ . 




Proof. For the proof we employ the same method as in the proof of Lemma |3.1[ Namely, we 
again introduce the limit form af [w, u\ by 


dom(ao) := \ u e 'HiY), wlsextr = 0 : supag[M, w] < oo [■, ao[M,v] = Y\ma‘^\u,v]. 


Dt 


£>0 


,£>r 


£—»0 


It is clear that dom(aQ) consists of piecewise constant functions, which are continuous in Yj 

O 

for each j = 1,... ,m and equal to zero in Yq. Thus dom(aQ) is an m-dimensional subspace 
of L 2 {Y) consisting of functions u of the form 

m 

u{x) = ^ UjXj(x), where u,- are constants, Xj is an indicator function of Yj 
./=i 


and 


\u,v] = Y,^jNjUjYj. 


j=i 


We denote by a bounded and self-adjoint operator acting in dom(aQ) = dom(aQ) and 


associated with the form a^. It acts as follows: 


= J^qjNjl]^UjXj(x). 
i=i 

Repeating word-by-word the arguments of the proof of Lemma |3.1| we conclude that 


(33) 


limdf(e) = df(0), k=l,...,m, 
£^0 

limdfCe) = oo, k >m + 

£^0 


where df (0) is the k-th eigenvalue of the operator It follows from ([3^ that 


df(0) = qkNklf = Ok. 


The lemma is proved. □ 

The same asymptotics are valid for the eigenvalues of the operator as 0 (1,1,..., 1). 

Lemma 3.4. One has 

limdf(e) = a^:, k=l,...,m, 

s —*0 

limdf(e) = oo, k> m + 1. 

£-»0 

provided 9 , 1). 
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Proof. The definitional domain of the form consists of functions u having the form ( [T5| ) 
and belonging to domCa®). It is easy to see that if 6 (1,1,...,1) then Uq = 0 (otherwise 

u i dom(ag)). Thus the limit form coincides with the form provided 0?i:(l,l,...,l). 
In the rest the proof repeats word-by-word the proof of Lemma [^3j □ 


3.4. End of the proof of Theorem |2.1[ Due to ([T^-([T3|) one has 


k=i 


with the compact intervals are {A^{s), /l^(e)] defined as follows: 

[4-(e),T,"(e)] = [J 14(e)). 

esT" 


(34) 


(35) 


We denote 9\ := (1,1,..., 1), 0_i : = 


-9i. Using ( [T4| ) and ( |35] ) we conclude that 


Tf(e) < Al{s) < Al'ie), 
Al-'(s) < At(s) < Tf(e). 


(36) 

(37) 


The left and right-hand-sides of ( [36l ) are equal to zero ask = 1. In view of Lemmata |3 .1 [ [3^ 
if = 2,..., m -I- 1 they both converge to as e ^ 0, while if > m -l- 2 they converge to 
infinity. Hence 


Tj (e) = 0, lim (e) = bk-i if 2 < k < m + \, lim (e) = oo if > m -l- 2. 

e —»0 e —»0 


Similarly in view Lemmata 3.3 3.4 we obtain 

lim/It(e) = at if 1 < k < m, lim/lUe) = oo if A: > m -l- 1. 

e-»0 E-tO 

Then ([T0l)-([TT]) follow directly from ( |34l ), d^ , ( |39l ). Theorem [2T] is proved. 


(38) 

(39) 


4. Periodic quantum graphs with asymptotically predefined spectral gaps 


In this section we will show that under a suitable choice of the graph T and the coupling 
constants qj the limit intervals {Oj, bj) coincide with predefined ones. 

Let T be a Z"-periodic graph with a periodic cell Y admitting decomposition @-Q. Recall 
that the notation f stays for the total length of all edges belonging to the set Yj (j = 0 ,.m), 
by Nj we denote the number of points belonging to the set 'Vj {j = 1,..., m) - see Section 
where these notations are introduced. Also in the same way as before we introduce the 
numbers a, and bj (j = 1 ,..., m). 


Theorem 4.1. Let L > 0 be an arbitrarily large number and let (aj,/3j) (j = l,...,m, meN) 
be arbitrary intervals satisfying 


0 < Qfi, QT; < fij < aj+u j = 1, m - 1, a,„ < < L. 

Suppose that the numbers f, j = 0,... ,m, satisfy 


Ij - Iq- 


LT /A-» 


n 


cnj \ai-aj 


i=\,m\ii^ j 


‘■J 


(40) 


(41) 
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Then one has 


provided 


aj,bj=/3j, 


= 


N/ 


j = 


( 42 ) 


(43) 


Remark 4.1. Since the intervals (aj,/3j) satisfy ( |?U| ) then 

Vy : /3j > aj, Vi 7 ^ j : sign(^,- - aj) = sign(a,- - aj) ^ 0 
and therefore the quantity staying in the right-hand-side of (|4T]) is positive. 


Remark 4.2. Results, similar to Theorem 4.1 (i.e., construction of periodic operators with 
gaps that are close to given intervals), were obtained by one of the authors in for Laplaee- 
Beltrami operators on periodic Riemannian manifolds, in [ 131 for periodic elliptic divergence 
type operators in R”, and in 03 for Neumann Laplacians in periodie domains in R”. 

Proof. Plugging ( [43] ) into @ we obtain the first equality of ( |431 ). 

Reeall that the numbers bj are the roots of the equation @ written in the ascending order. 
Therefore, in order to prove the second equality in (|42l) one has to show that 


V/ = 1,..., m : 1 -P 




^ /o(a ;j — pi) 

7=1 


= 0 . 


(44) 


Let us eonsider ( [44] ) as the linear algebraie system of m equations with unknowns f, j = 
1,..., m. It was proved in p3[ Lemma 4.1] that this system has the unique solution defined 
by formula ( |4T] ). This implies the second equality in ( |42| ). Theorem |4.1| is proved. □ 

It is easy to eonstruct the graph T c R^ satisfying (|^-(|^ and ( |4T| ). For example, one can 
proceed as follows. Let To be an arbitrary Z"-periodic metrie graph, ei,..., be veetors pro- 
dueing an action of Z" on Tq (i.e., ([T]) holds). We denote by To its period cell. Let vi,..., be 

O 

arbitrary points belonging to To- Let Yj, j = 1 ,... ,m be arbitrary compaet graphs satisfying 
Yi nYj = 0 as i + j and Yj n To = {vy}. We denote 

n 

Yij Yj + ^ i ~ (^'l; • • • 1 in) ^ ^ 

k=\ 

and, finally, 

^ m 

'■ = r„U UU>''. 

V/sZ" y=i 

The graph T is presented on Figure]^ (here the graph in Z-periodic, m = 2). The set 

m 

r:=UT 


7=0 


is a period cell of F. It is easy to see that the sets T, satisfy conditions (j^. Obviously, they 
can be ehosen in sueh a way that ( |4T] ) holds - the simplest way is to take 

Yj = jsingle edge of the length f defined by formula ( |4T] ) 
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